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Abstract

This paper extend exacts inference for hybrid Bayesian networks to allow continuous
variables with any conditional density functions, discrete variables with continuous par-
ents, and conditionally deterministic continuous variables that are linearly dependent
on their continuous parents. We introduce a mixed distribution representation of po-
tentials and derive operations from the method of convolutions in probability theory to
determine distributions for linear functions of random variables. Mixtures of truncated
exponentials (MTE) potentials are used to approximate probability density functions
in the representation so that probability density functions can be easily marginalized
in closed form. The Shenoy-Shafer architecture is used to calculate marginals and
variables can be marginalized in any order using any join tree structure.
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1 Introduction

Bayesian networks model knowledge about propositions in uncertain domains using graphical
and numerical representations (Spiegelhalter et al. 1993). At the qualitative level, a Bayesian
network is a directed acyclic graph where nodes represent variables and the (missing) edges
represent conditional independence relations among the variables. At the numerical level, a
Bayesian network consists of a factorization of a joint probability distribution into a set of
conditional distributions, one for each variable in the network. Hybrid Bayesian networks
contain both discrete and continuous probability distributions in the numerical representa-
tion.

An important class of Bayesian networks with discrete and continuous variables are those
that have conditionally deterministic variables (a variable that is a deterministic function
of its parents). Conditional linear Gaussian (CLG) models (Lauritzen 1992, Lauritzen and
Jensen 2001) can handle such cases when continuous variables have a multi-variate Gaussian
distribution and discrete nodes do not have continuous parents. In models with non-Gaussian
distributions and deterministic variables, Monte Carlo methods may be required to obtain
an approximate solution. General purpose solution algorithms, e.g., the Shenoy-Shafer ar-
chitecture, have not been adapted to such models, primarily because the joint density for the
variables in models with deterministic variables does not exist and these methods involve
propagation of probability densities.

An example of a Bayesian network representation of a conditionally deterministic variable
is given below.

1.1 Example

Consider a real-valued random variable Z; with a mixed distribution where P(Z, = 1) = 0.5,
P(Zy = 2) = 0.3, and which has probability density 0.2 - ¢(22), where ¢(z2) is a normal
probability density function (PDF) with mean 3 and variance 1, i.e. N(3,1). We can
represent this mixed distribution by a mized potential (3 for Z5 as follows:

G3(22) = (L, (05®@ [z2 = 1])(22) + (0.3 ® [22 = 2])(22) + 0.2 ha(22))

We can verify (3 is a probability distribution for Z, by calculating: 0.5 + 0.3 + fﬂz2 0.2 -
¢(22) dzo = 1. The expected value and variance of this mixed distribution are calculated as

B(Z)=05:-1403-2+ [ 2-02-6(20) dzp = 1.7 ,
Qz,

Var(Zy) =0.5- (1 — BE(Zy))? +0.3- (2= E(Z2))*+ | (22— E(Z3))*-0.2- ¢p(23) = 0.81 .

Qgz,

This mixed distribution is shown graphically in the left panel of Figure 1.

Mixed distributions result from the computation of marginal distributions for variables
in hybrid Bayesian networks, such as the network shown in the right panel of Figure 1. In
this example, Y] is a discrete variable with state space Qy, = {A, B,C'}, and Z; and Z, are
real-valued variables. Mixed potentials are assigned to each variable in the network. Let 6
be a potential for Y7, let ¢; be a potential for Z;, and let (2 be a potential for {Y7, 71, Z»}
as follows:
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0.4t Y1

Figure 1: A Graphical (left) and Bayesian network (right) representation of the mixed dis-
tribution for Zs.

0,(Y: = A) = (0.5,1), 6,(Y; = B) = (0.3,0), 0,(Y; = C) = (0.2,1) ,

C1(2’1) = (1>¢1(2’1)) )

CQ(Zl,ZQ,Yi = A) = (1, [021 + 22 = 1]), CQ(Zl,ZQ,Yi = B) = (1, [021 + 2o = 2]),
CQ(Zl,ZQ,Yi = O) = (1, [—Zl + 2o = 0]) .

The first component of the value of a mixed potential is called a mass part and the second
component is called a density part. The symbol ¢ represents a vacuous density or an absence
of a probability density. The potential §; represents the probability mass function (PMF) of
Y7, the potential (; represents the PDF of Z, and the potential (; represents the conditional
distribution of Z, given Y; and Z;. For instance, (»(21, 22, Y1 = A) denotes that Z, | {z1,Y1 =
A} = 1 with probability 1, whereas (»(21, 22,Y1 = C) denotes that the conditional density
function for Z, | {z1,Y1 = C} is a degenerate linear function of z;. Removing Y7 and Z;
from the combination of 61, (1, and (3 (an operation denoted as (¢; ® (1 ® Cg)_{yl’zl}) results
in the potential defined previously for Z,. The mechanics of computing this marginal are
described later in this paper.

Potentials of the type described above are used in this paper to represent distributions
of variables in hybrid Bayesian networks where continuous variables are (possibly) linear
deterministic functions of their continuous parents. This paper develops inference methods
using mixed potentials that allow inference in hybrid Bayesian networks without placing
limitations on the types of continuous distributions allowed and without limitations on the
placement of continuous and discrete variables. We use the Shenoy-Shafer architecture to
compute marginals and we can use any join tree to do the propagation.

In the following section, we briefly define notation that will be used throughout the
remainder of the paper.

1.2 Notation

Random variables in a hybrid Bayesian network will be denoted by capital letters, e.g.,
A, B,C'. Sets of variables will be denoted by boldface capital letters, Y if all variables are
discrete, Z if all variables are continuous, or X if some of the components are discrete and
some are continuous. If X is a set of variables, x is a configuration of specific states of those
variables. The discrete, continuous, or mixed state space of X is denoted by Qx.
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Figure 2: The Bayesian network described in Example 1.

Figure 3: The Bayesian network described in Example 1.2.

Probability potentials and mixed potentials are denoted by lower-case greek letters, e.g.,
a, (3, 7, possibly with subscripts as an index. Deterministic potentials are denoted by
M, with components w for a constant and M for a matrix of coefficients, possibly with
subscripts as an index. Values of potentials for countable elements in the state space of a
set of variables may be denoted by either subscripts or as an argument to a function, e.g.,
a4 =a1(Yr =A)=P(Y1 = A), pr.a(21) = ¢(21, Y1 = A) = fz,)(m=13 (1), ete.

In graphical representations, continuous variables in hybrid Bayesian networks are rep-
resented by double-border ovals, whereas discrete variables are represented by single-border
ovals. Variables that are conditionally deterministic functions of their parents are represented
by triple-border ovals. A variable is discrete if its state space is countable, and continuous
otherwise.

Example 1 Consider the Bayesian network in Figure 2. In this model, Y7, Y5, and Y3 are
discrete variables with Qy, = Qy, = Qy, = {A, B}. The variable Z; is a continuous variable
whose state space is the set of real numbers.

Example 2 Consider the Bayesian network in Figure 3. In this model, Y; is a discrete
variable with Qy, = {A, B}. The variables Zi, ..., Z5 are continuous variables whose state
spaces are the set of real numbers. The variables Z; and Z5 are conditionally deterministic
given values of 7y, Z5, and Zs.

This paper expands the notation and operations first described by Cobb and Shenoy
(2005b, 2006b) into a complete propagation algorithm for hybrid Bayesian networks. The
remainder of this paper is organized as follows. Section 2 defines probability potentials,
including mass and density potentials. Section 3 defines combination and marginalization



Hybrid Bayesian Networks with Linear Deterministic Variables 6

operations for probability potentials and gives an example of propagation of these poten-
tials in a hybrid Bayesian network. Section 4 defines deterministic potentials, which de-
fine deterministic relationships between real-valued variables, and outlines combination and
marginalization operations for these potentials. Section 5 defines mixed potentials, which
can accomodate the distributions of conditionally deterministic and mixed random variables,
and outlines combination and marginalization operations for these potentials. Section 6 uses
the operations described in previous sections to solve a hybrid Bayesian network. Section 7
concludes the paper. In Sections 4 and 5 we demonstrate that the operations for deter-
ministic and mixed potentials satisfy the Shenoy-Shafer axioms. All proofs appear in the
appendix.

2 Probability Potentials

This section describes mass and density potentials (either of which may be termed a proba-
bility potential) and gives examples of propagation of these potentials in a hybrid Bayesian
network.

2.1 Mass Potentials

Definition 1 A mass potential « for X assigns a positive real number to some countable
elements in (x.

Since X has some continuous variables, {2x has an uncountable number of states and it is
only possible to list the values for the countable number of states that have positive mass.

Example 3 In the Bayesian network of Example 1, P(Y; = A) = 0.7 and P(Y; = B) = 0.3,
which is defined by the mass potential oy where oy (Y7 = A) = 0.7 and a;1(Y; = B) = 0.3.
The mass potential ao for {Y1,Y2} has values as(Ys = A, Yo = A) = 0.6, aa(Y1 = A, Yy =
B) =04, ao(Y1 = B,Y2 = A) = 0.2, and a»(Ys = B,Y> = B) = 0.8 which represent
conditional probabilities; for instance, ap(Yr = A, Y2 = A) =P(Yo=A|Y; = A).

Example 4 Consider the variable Y3 from Example 1 with continuous parent Z;. Values
for a conditional mass potential v for Y3 given Z; are as follows:

P)/A|{—oo<21§0}(zl) = P(YE% =A | Zl) = 0.2 ) P)/B|{—oo<21§0}(zl) = P(YE% =B | Zl) =0.8 ’
Ya[{o<z <o} (21) = P(Ys = A | 21) = 0.7, VBj{o<z1<c0}(21) = P(Ys = B | 21) = 0.3 .

2.2 Density Potentials

Definition 2 A density potential ¢ for Z is a function ¢ : Qz — R*, where R™ denotes
the set of non-negative real numbers.

Example 5 In the Bayesian network in Figure 2, Z; is a normal random variable whose
mean and variance depends on the values of its discrete parents Y; and Y5 as follows:

The functions @4 4, a5, ¥B.4, and pp g constitute the density potential ¢ for {Y1,Ys, Z1}.
Specific values of these functions are denoted by, e.g., ¢4 4(z1).
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2.3 Mixtures of Truncated Exponentials (MTE) Potentials

Definition 3 A mixture of truncated exponentials (MTE) potential (Moral et al.
2001, Rumi 2003) has the following definition.

Let Z = (Zy,...,Z,) be an n-dimensional random variable. A function ¢ : Qz — RT is
an MTE potential if one of the next two conditions holds:

1. The potential ¢ can be written as

(z) = ap + f:az‘ 69529{ E”: bgj)zj} (1)
i=1 j=1

for all z € Qz, where a;,1 = 0,...,m and bz(»j), i1=1,...,m, 5 =1,...,n are real
numbers.

2. The domain of the variables, Qz, is partitioned into hypercubes {Qz,,...,Qz,} such
that ¢ is defined as

¢(Z):¢Z(Z) ifZEQZi>i:1>"'>k>

where each ¢;,i = 1,...,k can be written in the form of equation (1) (i.e. each ¢; is an
MTE potential on Qz, ).

In the definition above, k is the number of pieces and m is the number of exponential
terms in each piece of the MTE density potential. In this paper, all MTE density potentials
are equal to zero in unspecified regions. Since the terms in the exponent are a linear function
of the arguments, MTE potentials can be easily marginalized in closed form (without having
to do computationally expensive numerical integration).

Example 6 A 2-piece, 3-term un-normalized MTE density potential ¢, , which approxi-
mates the standard normal PDF is defined (Cobb and Shenoy 2006a) as

—0.0105643 + 197.0557202 exp{2.25684342; }

—461.4392506 exp{2.3434117z }

+264.7930371 exp{2.4043270z; } if —3<2<0

Paalz) =
—0.0105643 + 197.0557202 exp{ — 2.2568434z, }

—461.4392506 exp{ — 2.3434117z }
+264.7930371 exp{ — 2.4043270z } if0<z <3 .

A normalized version of the 2-piece, 3-term MTE approximation to the N(0,1) PDF has
values

pa.a(z1) = (1/0.997306) - @'y 4(21) -

The PDF ¢4 4 approximates the PDF ¢4 4 for {Y1,Y5, Z;} in the Bayesian network of
Figure 2 for the case where Y; = A and Y, = A. Similar MTE density potentials ¢4 g, ¢5 4,
and ¢p p can also be used to approximate the remainder of the component potentials in the
density potential ¢. These potentials are shown graphically in the left panel of Figure 4,
overlayed on the corresponding normal PDF’s.
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Figure 4: The MTE approximations to the normal PDF’s for Z; given {7, Y2} (left) and the
components of the density potential ¢ resulting from the combination in Example 8 (right)
from the Bayesian network from Example 1.

While the example above uses an MTE potential to approximate a density potential, MTE
potentials can also be used to model mass potentials for discrete variables with continuous
variables. For example, Cobb and Shenoy (2006a) define an MTE approximation to the
binary sigmoid function.

3 Operations with Probability Potentials

This section defines the operations that are used to perform propagation of mass and density
potentials in hybrid Bayesian networks. Definitions are preceded by one or more examples
that illustrate the operation.

3.1 Combination

Combination of probability potentials is pointwise multiplication of functions.

Example 7 The combination of the mass potentials oy and as from Example 3, denoted by
asz = (a1 ® ag), is a mass potential with values as(Y; = A, Yo = A) = 0.42, a3(Y1 = A, Yy =
B) =0.28, a3(Y1 = B,Y> = A) = 0.06, and a3(Y1 = B,Y> = B) = 0.24.

Example 8 The combination of the mass potentials a3 from Example 7 and the density
potential ¢ formed from the functions ¢4 4, ¢4 B, ¢B.4, and ¢p p from Example 6, denoted
by ¥ = (a3 ® ¢), is a density potential with values calculated as

Yaa(z1) =as(Yi=A Yo =A) - paa(z1) ,¥ap(z1) =as(Yr = A, Yo =B)  dap(x) ,
Ypa(z1) =as(Yr = B, Yo = A) - ¢pa(21) ,¥Be(21) = a3(Yo=B,Yo = B) - ¢ p(21) .

These four components of the density potential 1) are shown graphically in the right panel
of Figure 4.

Definition 4 (Combination of Probability Potentials) If p1 and s are mass or den-
sity potentials for X1 and Xg, respectively, then o1 @ s is a potential for X = X5 U X,
defined as follows:
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Figure 5: The components of the density potentials 9 for {Ys, Z1} (left) and & for Z; (right)
resulting from the marginalization operations in Example 9.

(01 ® 2) (X) = 1 (Xlxl) P2 (XLXQ) for all x € Qx .

If o1 and @9 are both mass potentials, the result of the combination is a mass potential;
otherwise, the result is a density potential. If ¢; and 9 are both MTE mass and/or density
potentials, the result of the combination operation is an MTE potential (Moral et al. 2001).

3.2 Marginalization

Example 9 The marginalization of discrete variable Y; from the potential ¢ for {Y7, Y5, Z1}
from Example 8, denoted by ¥ = 1™"1, is a density potential with values calculated as

Va(z1) = 03" (21) = Yaa(z1) +¥pa(z) and Ip(z1) = 5" (21) = Yp.a(z1) + ¥s.p(21) -

The components of the density potential ¢ for {Y5, Z1} are shown graphically in the left
panel of Figure 5. Removing Y5 from the potential ¥ by calculating £(z1) = 95" (21) =
Va(z1) +9p(z1) yields the marginal distribution for Z;, which is shown in the right panel of
Figure 5. We can also calculate the marginal distribution for Y5 from the density potential
¥ by integrating over the state space of Z; as

as(Yo =A) = /Q Va(z1) dz1 = 0.48 and ay(Yo = B) = /Q Up(z1) dzy = 0.52 .

Z1

Marginalization of a set of variables from a mass or density potential corresponds to
summing over discrete variables and integrating over continuous variables.

Definition 5 (Marginalization of Probability Potentials) Let ¢ be a mass or density
potential for X =Y UZ. The marginal of @ for a set of variables X' =Y' UZ' C X is a
potential computed as

A= X ([ e 2)

yéﬂy\y/

where z = (z',2"), and (y',2') € Qx.
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Figure 6: A join tree for the Bayesian network in Figure 2.

Although we show the continuous variables being marginalized before the discrete variables in
(2), the variables can be marginalized in any sequence, resulting in the same final potential.
The definition above allows for discrete variables whose probability values are given as a
function of continuous or discrete parents. If ¢ is an MTE potential, the result of the
operation above is an MTE potential (Moral et al. 2001).

3.3 Propagation in Hybrid Bayesian Networks

A Bayesian network model can be used to calculate marginal probability distributions for
variables of interest by message passing in a join tree structure. To calculate marginal
probability distributions in a hybrid Bayesian network where probability potentials are ap-
proximated by MTE potentials, we utilize the Shenoy-Shafer architecture (Shenoy and Shafer
1990), since only combination and marginalization operations are required and the class of
MTE potentials is closed under these operations.

The Shenoy-Shafer architecture relies on three axioms—consonance of marginalization,
commutativity and associativity of combination, and distributivity of marginalization over
combination—that enable efficient local computation of marginals of the joint distribution
of variables in a Bayesian network. To complete the algorithm, each node in the join tree
sends a message to each of its neighbors that is the combination of its own potential and
all incoming messages—except the message from the receiving node—followed by marginal-
ization to the intersection with the receiving node. The normalized combination of a node’s
own potential and all incoming messages is the posterior distribution of the variables in the
node conditioned on the evidence.

Example 10 A join tree constructed from the Bayesian network in Figure 2 is shown in
Figure 6. The messages required to calculate marginal probability distributions for the four
variables are numbered in the join tree above the arrows between the nodes.

The potential a; is sent as Message 1, then combined with the potential ay at node
{Y1,Y>2} (the details are shown in Example 7) and sent to node {Y1,Ys, Z1} as Message 2.
Message 3 sends the potential ¢ resulting from the marginalization operation in Example 9.
Messages 4 and 5 are the marginal distributions for Y, and Z;, respectively.

At node {Y3, Z1}, the potential £ (the marginal distribution for Z;) is combined with the
potential v described in Example 4, an operation denoted by x = (y®¢). The result is a
density potential with components x4 and xpg, which correspond to the cases Y3 = A and
Y3 = B. These potentials are shown graphically in Figure 7. Message 7 removes Z; from y
to calculate the marginal probability distribution for Y3 as follows:
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Figure 7: The result of the combination of the potentials v and ¢ in Example 10 for the
cases where Y3 = A (left) and Y3 = B (right).

as(Ys = A) :/ Xa(z1) dz1 =0.5325 and «5(Y5=B) = / xB(z1) dz; = 0.4675 .
Qz, Qz,

The preceding example demonstrates how MTE potentials can be used in hybrid Bayesian
networks to calculate marginal probability distributions. If evidence is available for a vari-
able, a restriction (or substitution) operation can be used to instantiate the evidence and
calculate posterior marginal distributions considering the evidence (for details, see (Cobb
and Shenoy 2006a)).

The algorithm demonstrated above relies on the existence of the joint density function
for the continuous variables. In cases where a Bayesian network has conditionally deter-
ministic variables with continuous parents, the joint density function for the continuous
variables does not exist. The next section describes a deterministic potential representation
for conditionally deterministic variables.

4 Deterministic Potentials

This section describes deterministic potentials, which are used to express conditionally deter-
ministic relationships between real-valued variables, and defines combination and marginal-
ization operations needed for propagation with these potentials. Each definition is preceded
by one or more illustrative examples.

4.1 Definition

Example 11 In the Bayesian network of Example 3, Z, = 37y + 57, + 475 if Y7 =
A, Zy =321+ Zy +4Z3 it Yy = B, and Z5 = 104, + 275 + 3Z3. These conditionally
deterministic relationships are represented by the deterministic potentials M; 4 and M, p
for {Z1, Zs, Zs, Zs}, and My, for {Z1, Zs, Zs, Z5}, where, for example,

Z1 Z9 Z3 2’4‘
-3 =5 —4 110

Mia=wia-Mya=1- [ ] and

. ) 1. Z1 Z9 Z3 2’5‘
My=wn Mz =1 l—m —2 -3 1\0] '
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Definition 6 A deterministic potential describes the linear deterministic relationship(s)
between a set of variables Z = {Z, ..., Z,}. A deterministic potential M for Z is comprised
of a constant w and a matriz of real numbers M as follows:

Z1 Z9 e Zn—1 Zn
aiz a2 ... Q1p-1 Qin b1
M=w-M=w-| a1 bx ... an-1 az, | b ,
| ak1 a2 ... AKkp-1 Gkn | bk |

The constant w 1s a positive real number that can be interpreted as a weight on the matriz.

Definition 7 (Extension of Deterministic Potentials) A deterministic potential M’ for Z/
is extended to form a deterministic potential M = M'% for Z O Z' by inserting zero
coefficients in the equations for the variables in Z \ Z'.

Example 12 Suppose evidence exists that the variables Z; and Z; in the Bayesian network
of Example 3 are equal to 76.5 and 78, respectively. This evidence is expressed by the
deterministic potentials M3 for Z4 and M, for Z5, which each include one equation: Z4 =
76.5 and Z5 = 78 . The details of the deterministic potential M3 are

.| A HonZeZsZa) _ 4 | 24 21 22 23]
Ms=1 l1 76.5] or Ms 1 0 0 075

4.2 Combination

To propagate deterministic potentials in hybrid Bayesian networks, we must define the opera-
tions of combination and marginalization. We define combination of a deterministic potential
with both another deterministic potential, and with a probability potential.

4.2.1 Deterministic Potentials

Example 13 Consider the deterministic potentials M; 4, M g, and M3 from Examples 11
and 12, respectively. The combination of M; 4 and M3 is denoted by (Mj 4 ® M3), and the
combination of M; p and M3 is denoted by (M1 5 ® Mj). No further combination occurs
and we maintain, for instance, M; 4 and M3, as decomposed components of (M; 4 ® Ms).
The domain of M; 4 and M, g is {Y1, Z1, Zs, Z3, Z4} and the domain of M3 is Z,, while the
domain of (M 4 ® M3) and (M g ® Ms) is {Y1, Z1, Zo, Z3, Z4}.

Definition 8 (Combination of Deterministic Potentials) Let M be a deterministic
potential for Zy and My be a deterministic potential for Zo with Z = Zy U Zs. The combi-
nation of My and My is a deterministic potential (My ® Ms) for Z = Zy U Zs.

We refer to (M; ® M) as a deterministic potential with component potentials M; and
M. Component potentials are themselves deterministic potentials and are maintained as
decomposed weighted matrices.

Proposition 1 (Commutativity and Associativity of Combination of Deterministic Poten-
tials) If My, My, and M3 are deterministic potentials, then

M @My =My M; and
(M; @ My) @ M3 = M; @ (My ® Ms)
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4.2.2 Deterministic and Probability Potentials

Example 14 Consider the deterministic potentials (Mj 4 ® M3) and (M; 5 ® M3) from
Examples 11 and 13. Suppose ¢5 is a density potential for {Y1, 21, Zo} with fragments
¢5.4 and ¢5 p for the cases Y7 = A and Y; = B, respectively. The potentials ¢5 4 and
(M1,4 ® Ms3) cannot be combined by pointwise multiplication, because the joint density for
{Z1, Zs, Zs, Z4} does not exist. Thus, we simply denote the combination of these potentials
by (5.4 @ (M1,.4 ® M3)) and maintain ¢5 4 and (M; 4 ® M3) as decomposed potentials.
Similarly, the combination of ¢5 g and (M; p ® Ms3) is denoted by (¢5.5 ® (M1, ® Ms)).
These are fragments of the potential (¢5 @ (M1 ® Mj)) for {Y1, Z1, Zs, Z3, Z4}.

Definition 9 (Combination of Deterministic and Probability Potentials) Let M;
and My be deterministic potentials for Xy and Xs, respectively, and let 1 and @ be mass
or density potentials for X; and Xs, respectively, with X = Xy U Xy. The combination of
these potentials 1s

01 ® P2 @M1 Mo = (p® (M1 Ms)) = (M1 Ms)® )
where ¢ = (Y1 ® p2) is calculated as in Defintion 4.

Once the probability potentials and deterministic potentials are combined using the appro-
priate definitions, no further combination is performed. We will see later that the result of
the marginalization operation in Definition 11 for the combination of a deterministic poten-
tial and a probability potential is itself the combination of a deterministic potential and a
probability potential which contains additive factors. Note that we may need to combine
this with another potential according to Defintion 9, in which case the additive factors of
the two potentials are combined pointwise.

Proposition 2 (Commutativity and Associativity of Combination of Deterministic and
Probability Potentials) If My and My are deterministic potentials and ¢1 and @2 are mass
or density potentials, then

Mi@pr=pr@M;
(M1 @Ms)®@pr=M; & (Ms ® ¢1) , and
(01 @ @2) @ M1 =1 ® (p2 ® M)

4.3 Marginalization

In this section, marginalization is defined for a deterministic potential, and for a deterministic
potential previously combined with a probability potential. The latter is defined separately
for discrete and continuous variables.

4.3.1 Deterministic Potential

Example 15 Consider the potential (¢5.4 ® (M4 ® M3)) that resulted from the combi-
nation in Example 14. The marginalization of Z; from this potential involves only the
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potential (M; 4 ® M3) because Z; is not in the domain of ¢5. This operation, denoted by
(M 4 ® M3)~%1 ) is performed by first creating the following matrix:

Z4 21 Z9 z3 ‘
Mss=|1 -3 —5 —4‘ 0

1 0 0 0 [76.5
From the matrix M; 4, we create the matrices
Z4 21 29 23 ‘ 24 21
Rsa=|1 0 0 0 76.5 and Ps;a=1] 1 -3
0 1 1.667 1.3331|25.5 1 0

The matrix M; 4 contains two lead variables (Z; and Z;) and two free variables (Z> and
Zs3). The matrix Rs 4 is the reduced row echelon form (RREF) of Mj 4 and the matrix Pj 4
is the first two columns of M 4. The result of the operations is the following deterministic
potential:

Z1 Z9 Z3 ‘

— . — . 1 .
Mea=woa-Moa (1 |det(Ps,A)|> l1 1.667 1.333 | 25.5

Similarly, the result of the marginalization of Z; from (M; g ® M3) is denoted by Mg g =
(Mi,p @ My)~%.

Marginalization of a continuous variable Z; from a deterministic potential is accomplished
by arranging the component potentials whose domains contain Z; in a matrix with the
coefficients on Z; in the first column, reducing this matrix to RREF, then eliminating the
first column and first row of the RREF matrix. The weights on the component potentials
are multiplied, then updated using the absolute value of the inverse of the determinant of
the matrix of coefficients on lead variables. Formally, the marginalization operation for a
deterministic potential is stated in the following definition.

Definition 10 (Marginalization of Deterministic Potentials)

Let M = (M1 ® Ms) be a deterministic potential on Z = Zy U Zy, where My and M are
deterministic potentials for Zy and Zo, respectively. Define M{ as the matriz formed by
rearranging My with Z; in the first column, let Py denote the square matrixz formed from the
coefficients on the lead variables in My, and assume that det (Py) # 0. The marginal of M
forZl =7\ Z;, where Z; € Zy and Z; & Zs, is computed as

M™% = (M7 @ My)

where M7% = Wl - Ry, with W}, = wy - m and R’y is obtained by eliminating the first

column and first row from the reduced row echolon form (RREF) Ry of M{ . If the matriz
M, has only one row, the result of the operation is an identity potential.

Proposition 3 (Consonance of Marginalization for Deterministic Potentials) If M is a
-7 Z;
deterministic potential for Z with (Z;, Z;) € Z, then (M_Zi) T = (M_Zf)

Proposition 4 (Distributivity of Marginalization over Combination for Deterministic Po-
tentials) If My and My are deterministic potentials for Zy and Zs, respectively with Z; € 7y
and Z; ¢ Zo, then (M, @ My) ™% = M7% @ M,.
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4.3.2 Deterministic and Probability Potentials—Discrete Variables

Example 16 Consider the potential (¢5 ® (M; ® Ms3)) resulting from the combination
in Example 14. The values of the potential resulting from the marginalization of Y; from
(5 @ (M1 ® M3)) are determined as

(¢5 ® (M1 ® Mg))_yl (2’1, 22, 23, 24) =
(5.4 ® (M4 ® M3)) (21, 22, 23, 24) + (95,8 @ (M1, @ M3)) (21, 22, 23, 21)

Note from Example 15 that removing Z, from this potential will result in the potential
(¢5 X M(j) fOI’ {Zl, ZQ, Zg}

Marginalization of a discrete variable from the combination of a deterministic and prob-
ability potential involves summing the fragments of the potential over the state space of the
variable being removed. The results are maintained as a decomposed sum of factors. This
is formalized in the following definition.

Definition 11 (Marginalization of a Discrete Variable from the Combination of
a Deterministic Potential and Probability Potential) Let (¢ ® M) be a potential for
Y UY UZ where ¢ is a mass or density potential and M is a deterministic potential. The
marginal of (¢ @ M) for Y UZ is computed as

(90 ® M)_Yz (Z>Y = Y) = Z ((pyzwy ® Mysz)(z) >

yi €Qy

for all y € Qy.

Proposition 5 (Consonance of Marginalization of Discrete Variables from Deterministic
and Probability Potentials) If (¢ ® M) is a potential for Y UZ with (Y;,Y;) € Y, then

(poM)™) " = (e M) ™)

Proposition 6 (Distributivity of Marginalization of Discrete Variables over Combination
from Deterministic and Probability Potentials) If (o1 ® M) and (p2 @ My) are potentials
for Y1 UZ and Yo UZ, respectively, with Y; € Y1 and Y; ¢ Yo and where Y =Y, UY, and
Y' =Y \Y,, then

((p1 @ M1) ® (p2 ® ./\/12))_% =(p1 ® ./\/11)_Yi ® (P2 ® Ms) .

4.3.3 Deterministic and Probability Potentials—Continuous Variables

Example 17 Consider the potential (¢5 ® Mp) described in Examples 15 and 16. Suppose
this potential is combined with My for {71, Zs, Z3, Z5} and My for Z5 as described in
Examples 11 and 12. To marginalize Z3 from (¢5 ® (M2 ® My ® Mg)), we first rearrange
the matrices in deterministic potentials My and M(T)-{Zl’ZQ’Z3’Z5} (the potentials with Z; in
their domains) with the coefficients on Z; in the first column:



Hybrid Bayesian Networks with Linear Deterministic Variables 16

Z1 Z9 Z3 Z5 ‘ Z1 Z9 Z3 Z5 ‘
M;LA — 1 1.667 1.333 0 | 25.5 and M?LB — 1 0333 1.333 0 |25.5
-10 =2 -3 1 0 -10 =2 -3 1 0
The RREF matrices are calculated as
21 <9 Z3 Z5 ‘ Z1 22 Z3 Z5
R, 4= 1 0 0159 —-0.114|-3477 | and R, = 1 0 -—-1.25 —-0.25|—-38.25
0 1 0.705 0.068 | 17.386 0O 1 7.75 0.75 | 191.25

Matrices P7 4 and Pz p include the first two columns from My 4 and My g, respectively,

with 1/ |det(P7 4)| = 0.068 and 1/ |det(P7 )| = 0.75. The first rows of R; 4 and Ry g are

used to transform the potential ¢5 into a new density potential for {Zs, Z3, Z5} as follows:
P6,4(22)
P6,5(22)

The second rows of R7 4 and Rz p are used to form the deterministic potentials

<54 (—3.477 — 0.15923 + 0.114z5, 20)

=11
3
=15 55(—3825+1.2525 +0.2525,25) .

25 Z9 Z3 ‘

R5 2 2’3‘
0.068 1 0.705‘17.386

075 1 7.75|191.25

Mg 4 = 0.068- and Mg p = 0.75-

The result of the operation is the following potential for {Zs, Z3, Z5}:
(65 ® (M2 @ My & Mg)) 7" = (6 ® (My ® Ms))

Marginalization of a continuous variable Z; from the combination of a deterministic
potential and a probability potential is substitution of the first row of the RREF matrix
corresponding with the deterministic potential into the probability potential, with the result
multiplied by the weights on the deterministic potential. The matrix resulting after elimi-
nating the first row and column from the RREF matrix remains as a deterministic potential.
The result of the operation is a new probability potential combined with a new deterministic
potential. This operation is derived from the method of convolutions in probability theory,
as shown in (Cobb and Shenoy 2006b). Mao et al. (2004) also discusses convolution opera-
tions in the context of probabilistic models. The formal definition of this operation is stated
as follows.

Definition 12 (Marginalization of a Continuous Variable from the Combination
of a Deterministic Potential and Probability Potential) Let (¢ @ (M1 @ M3)) be a
potential on Z = Zq U Zy U Zs, where ¢ is a mass or density potential on Zy, and My and
My are deterministic potentials on Zo and Zs, respectively. To marginalize Z; € (Zy U Zs),
Z; & Zs, perform the marginalization operation in Definition 10 on My to obtain Ry, R}, and
det (P1). The marginal of (¢ ® (My @ My)) for Z\ Z; is denoted by (¢ @ (My ©@ My)) 7 =
(¢’ @ (M) ® My)), with values of the potentials determined as

(21, 25) = wi - (h(z5),2,) and My = Ry,

1
|det (P1)]
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for all z' € Qgz/, where Z! =7\ Z;, z1 = (2}, i), 22 = (24, z;), and

hzy) = —aVz — o — a2y —al iz — o —alDz, + 00
The constant agl) represents the coefficient for variable Z; in the first row of Ry. If Zo\Z; = 0,
the result of the operation includes only a probability potential. If Z; is not in the domain of
both the deterministic and probability potential, we simply marginalize Z; from the potential
that contains Z; in its domain according to either Definition 5 or 10, leave the other potential
unchanged, and maintain the result as a decomposed sum of potentials.

The normalization constant 1/ |det (P1)] is justified as follows. If we have a joint PDF for
Zy and Zy, and we define Z3 = g1(21, 22) and Z; = ga(21, 22), then the joint PDF of Z3 and
Z4 has a normalization constant equal to the inverse of the absolute value of the Jacobian
of g1 and go (Hogg and Craig 1978). The Jacobian of g; and go is the 2 x 2 matrix of partial
derivatives of ¢; and ¢go with respect to Z; and Z,. For the case of linear functions, the
Jacobian translates to the determinant of the matrix P;.

A potential that represents the combination of a probability potential and a deterministic
potential may have additive factors resulting from the previous marginalization of a discrete
variable, as detailed in Definition 11. In this case, the operation in Definition 12 is applied to
each additive factor and the result remains a decomposed sum of potentials. This is justified
for the same reason that the marginalization of discrete and continuous variables can occur
in any order in the operation of Definition 5.

Proposition 7 (Consonance of Marginalization of Continuous Variables from Deterministic
and Probability Potentials) If (¢ ® M) is a potential for Z with (Z;, Z;) € Z, then

(M) ™)™ = (e m™)

Proposition 8 (Distributivity of Marginalization of Continuous Variables over Combina-
tion from Deterministic and Probability Potentials) If (o1 ® My) and (p2 @ Ms) are po-
tentials for Zy and Zsy, respectively, with Z; € Zy and Z; ¢ Zy and where Z = Zy U Zs and
Z =7\ Z, then

Z;

(101 ® M1) @ (102 ® M2)) ™% = (01 @ M1) ™% @ (02 ® M)

The class of MTE density potentials is closed under combination and marginalization of
probability potentials (Moral et al. 2001). The following theorem states that the class of
MTE probability potentials is closed under Definition 12.

Theorem 1 (Marginalization of MTE density potentials and deterministic poten-
tials). If (¢ ® (M1 ® My)) is a potential on Z = Zy UZyUZs, where ¢ is an MTE mass or
density potential on Zy, and My and My are deterministic potentials on Zs and Zs, respec-
tively, then the probability potential ¢’ resulting from the calculation of (¢ ® (M; ® Mg))_Zi =

(¢ @ (M) & My)) is an MTE probability potential.

Now that we have introduced deterministic potentials and operations for deterministic
potentials, we can discuss a mixed potential representation that allows mixed distributions
to be represented in hybrid Bayesian networks.
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5 Mixed Potentials

This section defines mixed potentials, which can accomodate the distributions of condition-
ally deterministic and mixed random variables, and outlines combination and marginalization
for these potentials. Each definition is preceded by one or more illustrative examples.

5.1 Definition

Example 18 Consider the Bayesian network in Figure 3 where P(Y; = A) = P(Y; = B) —
0.5, which is represented by the mass potential a with values oy (Vs = A) = au (Y1 = B) =
0.5. Continuous variables are normally distributed as follows: Z; | {Y; = A} ~ N(1,100),
Zy | {Y1y = B} ~ N(4,64), Zy | z1 ~ N(22,100), and Z3 | z2 ~ N(322,100). These
conditional PDF’s are approximated by MTE approximations to the normal PDF (Cobb and
Shenoy 2006a) with the appropriate mean and variance, with the density potentials denoted
by ¢y for {Y1, Z1} (with fragments ¢1 4 and ¢y ), ¢2 for {Z1, Z>}, and ¢5 for {Zs, Z5}.
Mixed potentials for Y7 and {Y1, Z1} are defined as

h(Yi=A) =(Y1=A4),) and 6,(Y1=A)=(u(Y1=B),1) ,
Gz, Y1=A4) = (L, ¢1a(21)) and Gi(z1,Y1=B) = (1,¢1,5(z1)) -

Mixed potentials for {Z1, 7>} and {Z5, Z3} are defined as (2(z1,22) = (1, ¢a(21,22)) and
(3(22,23) = (1, P3(22, 23)), respectively. The mixed potentials for {Y1, 21, Zs, Z3, Z4} and
{Z1, Zs, Zs, Z5} are defined as

Ca(z1, 22, 23,24, Y1 = A) = (1, Mq,4) and  (4(21, 29, 23, 24, Y1 = B) = (1, My ),
CS(ZL 292, 23, ZS) = (17 MQ) 5

where M 4, M g, and My are defined as in Example 11. The evidence that Z, = 76.5 and
Zs = T8 is represented by the mixed potentials 11 (z4) = (1, M3) and n2(z5) = (1, My), with
M3 and M, defined as in Example 12.

Definition 13 A mixed potential ( in a hybrid Bayesian network for a multi-dimensional
variable X =Y UZ =Y UZyUZs 1s a pair

((x) =y, 2) = (aly, 21), (py @ My) (22))

where o is a mass potential, ¢y is a mass or density potential, and My is a deterministic
potential.

We refer to the first part of the mixed potential as the mass part and the second part of
the mixed potential as the density part. The absence of probability mass is represented by
a 1 in the mass part and an absence of density is represented by the identity potential ¢ in
the density part. The potential (¢, ® My) is defined as in Definition 9 to allow the density
part to contain the combination of a deterministic potential and probability potential, but
either ¢, or M, may be empty.
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5.2 Combination

Example 19 Consider the potentials 0, (i, (5, and (4 defined in Example 18. The combi-
nation of these mixed potentials is the following mixed potential for {Y1, Z1, Zs, Z3, Z4},

(91 RGRE® C4) = (011, (¢4 ® Ml)) )

where ¢4 = (91 ® ¢) as calculated by Definition 4. Specific values of this mixed potential
can be defined, for example, as,

(01 ® G ®G® &) (21,223 20, Y1 = A) = (a1 (Y1 = A), (a4 @ My 4) (21, 20, 23, 24))
where values of ¢4 4 are calculated as ¢4 a(21, 22) = ¢1,4(21) - P2(21, 22).

Combination of mixed potentials is combination of the mass and density parts, accord-
ing to the previously defined combination operations. This is formalized in the following
definition.

Definition 14 (Combination of Mixed Potentials) Let (1 = (a1, (p1 @ My)) and ¢ =
(a2, (2 ® Ma)) be two mized potentials. The combination of (1 and (y is a mized potential
( for defined as

(=0®%= (0 ®az(P1®ps) ® (M) @My)) .

Proposition 9 (Commutativity and Associativity of Combination of Mixed Potentials) If
G = (a1, (p1 ® M), G = (a2, (p2 @ My)), and G = (a3, (3 ® Mas)) are mized potentials,
then

Q®G@=0®q and
GQ®(E®G)=(G®6) & .
5.3 Marginalization
Marginalization of mixed potentials is defined separately for discrete and continuous vari-
ables.
5.3.1 Discrete Variables

Example 20 Consider the potential (61 ® (1 ® (o ® (4) for {Y1, Z1, Za, Z3, Z4 } resulting from
the combination operation in Example 18. Discrete variable Y; is in the domain of the mass
and density parts of this potential, as both the values of the mass potential a;, the density
potential ¢4, and the deterministic potential M; depend on Y;. The marginalization of Y}
from this mixed potential is the following mixed potential for {Z1, Z2, Z3, Z4},

(s = (L (¢ ®M1)_Y1) ;

where ¢5 = a3 ® ¢4 is calculated as in Definition 4. Specific values of this potential can be
defined as,

Cs(21, 22, 23, 24) = (1, (5,4 @ My a)(21, 22, 23, 24) + (5,8 @ M1 B) (21, 22, 23, 24)) .
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The results of the marginalization of a discrete variable Y; from a mixed potential depends
on the domain of the mass and density parts of the potential. The following definition
considers three possible cases.

Definition 15 (Marginalization of Discrete Variables from Mixed Potentials) Let
¢ = (o, (¢ @ M)) be a mized potential on X = YUZ =Y ,UYUZ, where « is a mass potential
for Y1 UZ, and where ¢ and M are probability and deterministic potentials, respectively,
for YoUZ. Define Y =Y \Y,; andy = (y',y:;). The marginalization of a discrete variable
Y; from ( results in a mized potential for Y' UZ defined according to one of the following:

1. IfY; € Yo, then (¢ @ My/)(z) = (py @ My)(2z), and the result is computed as

Ty 2) = ()7 (2), (o © My)(2)) for all (y',2) € Qg
2. IfYie Yy and Y; ¢ Y1, then ay(z) = ay(z), and the result is computed as
Y 7) = (ay(2), oy @ My) Vi (2)) for all (y',2) € Qyig
3. IfY; € (Y1 NYy), the result is computed as
¢y 2) = (L ((ay @ oy) @ My) 7 (2)) for all (y',2) € vz
Note that in the last case, it is possible that Y' = () and the result is a potential for Z.

Consonance of Marginalization of Discrete Variables from Mixed Po-
(g0®/\/l)) is a mized potential for Y U Z, with (Y;,Y;) € Y, then

Proposition 10
tentlals) [fC

(
(o
()= ()
Proposition 11 (Distributivity of Marginalization of Discrete Variables over Combination
from Mixed Potentials) If (i = (a1, (p1 @ M1)) and ¢ = (oo, (g2 ® My)) are mized poten-

tials for Y1 UZ and Yo UZ, respectz'vely, with Y; € Y1 and Y; ¢ Yo and where Y =Y, UY>
and Y' =Y \ Y, then (¢ ®Cg) i = (7Y @G,

5.3.2 Continuous Variables

Example 21 Consider the potential (¢ @ (Mg @ Msy)) for {Zs, Zs, Z5} resulting from the
operation in Example 17. A mixed potential represenation of this potential is

Cio(22, 23, 25) = (1, (6,4 @ (Mg @ Mg a)) (22, 23, 25) + (P6,8 @ (My @ Mg p)) (22,23, 25)) .

Marginalization of Z5 from the mixed potential (io involves marginalizing Z; from (¢ ®
(Mg ® Mg)) according to Definition 12. The result is denoted by

CoP® (20, 23) = (1, (7.4 @ Mug.a)(22, 23) + (7.8 @ Mio) (22, 23))
where (¢s @ (Mg @ Mg))™% = (¢7 ® My).
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The results of the marginalization of a continuous variable Z; from a mixed potential de-
pends on the domain of the mass and density parts of the potential. The following definition
considers four possible cases.

Definition 16 (Marginalization of Continuous Variables from Mixed Potentials)
Let ¢ = (o, (p @ M)) be a mized potential on X =Y UZ =Y UZ; U Zy, where a is a
mass potential for Y UZy, and where ¢ and M are probability and deterministic potentials,
respectively, for Y U Zy. Define Z' = Z \ Z; and z = (7', z;). The marginalization of a
continuous variable Z; from ¢ results in a mized potential for Y UZ' defined according to
one of the following:

1. If Z; ¢ Zo and 2! # 0, then (¢y @ My)(2") = (¢y @ My )(z), and the result is computed
as

¢y, 7) = (ay%(2), (py ® My)(2)) for all (y,7) € Uy zy -
2. If Z; € Lo, Z; ¢ Ly, and Z' # 0, then ay(Z') = ay(z), and the result is computed as
(. 7) = (ay(2), oy @ My) () for all (y,7) € Vv 2y -
3. If Z; € (Zy N Zy) and Z' # 0, the result is computed as
Ay ) = (1 ((oy ® 0y) @ My)2()) for all (y,2) € Qv zry -
4. If Z/ =), the result is computed as

(i(y) = (((Ozy ® py) @ My) "%, L) forall y € Qy .

Proposition 12 (Consonance of Marginalization of Continuous Variables from Mixed Po-
tentials) If ¢ = (o, (¢ ®@ M)) is a mized potential for Y U Z, with (Z;,Z;) € Z, then

) =)

Proposition 13 (Distributivity of Marginalization of Continuous Variables over Combina-
tion from Mixed Potentials) If (1 = (a1, (1 ® M1)) and (o = (a2, (g2 @ M2)) are mized
potentials for Y UZy and Y U Zy, respectively, with Z; € Zy and Z; ¢ Zs and where
Z=7,UZy andZ' =7\ Z;, then (L@ &) % = (7 @ G.

Additional illustrations of specific cases of the marginalization operations in Definitions 15
and 16 are provided in the following examples, which are based on propagation in the hybrid
Bayesian network in Example 3 with evidence on Z3, Z,, and Zs.

Example 22 Consider the potentials ¢, and (; defined in Example 18, and the potential
(18 defined as follows:

Cs(z1, Y1 = A) = (1, (¢13,4 ® Myg,4) (21)) and
Cs(21,Y1 = B) = (1, (13,8 @ Mig,8) (21))
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_ 21 _ 21
Mas.a = l 1]2.920 ] and Mas,s = l 1]0.625 ]

The combination of these three potentials is defined as

(0®G®Gs) (21, Y1 =A4) = (aq(Y1 = A), (p14,4 ® Mis.a) (21)) and
(0® G ® Gs)(21,Y1 =B) = (a1(Y1 = B), (p14.8 ® Mis,5) (1))

where @144 = ¢1.4 @ P13.4 and Q145 = 1.5 @ ¢13.3. Removing Y; according to the third
case in Definition 15 results in the potential

(0® G @ Gs) ™ (21) = (1, (P15,4 @ Mig.a) (21) + (d15.4 @ Mig a) (21))

where ¢15,A(21) = Ckl(Yi = A) . ¢14,A(Zl) and ¢15,B(21) = Ckl(Yi = B) . ¢14,B(Zl)- Note that
7y is the last remaining variable in the potential, but we cannot sum the factors in the
density part of the potential because the probability and deterministic potentials remain
decomposed. The continuous variable Z; is now restricted to two values and the remaining
mixed potential defines a probability distribution as follows:

Z1 ‘ P(Zl = Zl)
2.920 ¢157A(2.920)/K,1
0.625 | ¢15.5(0.625) /K1

where

The normalization constant, kK1 = @15 4(2.920) + ¢15 5(0.625), represents the probability of
the observed evidence. This probability distribution is the result of marginalizing Z; from
(0 ® ¢ ® C18) ™1t according to the fourth case in Definition 16.

Example 23 Consider the potential (6 ® (1 ® (15) resulting from the combination in the
previous example. Removing Z; (the last continuous variable) according to the fourth case
of Definition 16 results in the potential

(0 ®G ®s) (Y1 =A) = (¢15.4(2.920),1) and
(6. ® Cl ® C18)_Z1 (Yl = B) = (¢157B(0.625), L) s

where ¢15 4(21) = a1 (Y1 = A) - p1a.a(z1) and ¢15 5(21) = a1 (Y1 = B) - ¢14.5(21). The result
is a mass potential for Y;. Normalizing this potential gives a probability distribution for Y;
given the evidence on the continuous variables Z3, Z4, and Z5.

5.4 Restriction of Discrete Variables

Restriction is an operation used to enter evidence. During propagation, restriction is per-
formed by zeroing out potential values for unobserved states. Restriction of a mixed potential
to an observed state for a discrete variable is illustrated in the following example.

Example 24 Suppose a mixed potential is defined for {Y1, Z1, Zo} as

C(Zb 22, Y: = A) = (067 QSA(Zl? 22)) and C(Zb 22, Y = B) = (047 QSB(Zl; 22)) :

A potential (Y1 = B) = (1,¢) for Yy characterizes the evidence Y3 = B. The restriction of
¢ to Y1 = B, denoted by ¢’ = ((® f)_yl, results in a potential ¢’ for {7, Z>} defined as
(21, 22) = (0.4, ¢(21, 22))-
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Restriction of a discrete variable to an observed state that has positive mass leads to
zeroing out all masses for unobserved states. The restriction operation illustrated in the
previous example is defined as follows.

Definition 17 (Restriction of Discrete Variables) Let ¢ be a mized potential for X =
{YYUY UZ, with ((x) = (a(y,y,2), (pyy ® Myy) (z)). Suppose we observe the state y; of
Y. Let & be the potential for' Y that represents the observation Y = y;, i.e. £(Y =1y;) = (1,1).
The restriction of  to Y = y; is the mived potential (" =%) = (( ® f)_y for Y UZ defined

by
CR(Y:%)(%Z) = (O‘(yz‘>}’>z)> (Spy,y ® My,y) (Z)) for all (y,z) € Qyuz

Restriction of a continuous variable is accomplised by assigning a deterministic potential
for the continuous variable that, when combined with other probability or deterministic
potentials, effectively restricts the variable to a specific value. This restriction operation
trivially satisfies the Shenoy-Shafer axioms, so no proof is presented. Example 12 illustrates
this type of potential, which will also be used in the example of the next section.

Because all combination and marginalization operations for probability, deterministic,
and mixed potentials satisfy the Shenoy-Shafer axioms, we can propagate mixed potentials
in any join tree structure to calculate marginal distributions for variables of interest in
any hybrid Bayesian network. Although we approximate probability potentials with MTE
potentials, the propagation itself is exact.

6 Example

Consider the Bayesian network in Figure 3 where mixed potentials are defined as in Exam-
ple 18 and initialized to the nodes in the join tree shown in Figure 8. In this section, we
consider the calculation of marginals for this network with evidence on variables Z4 and Zs.

6.1 Messages

Examples of messages (numbered corresponding to the messages in the join tree of Figure 8)
required to calculate marginals for Z; and Z3 considering the evidence are shown below.

(4) {Y1>ZI>ZQ} to {Y1>ZI>Z2>Z3}

The combination of potentials ¢y for Y1, ¢; for {Y1, Z1}, and (; for {Z1, Zs}, denoted
by (7 = (01 ® (1 ® (2), is determined as

(21,20, Y1=A) = (L @ () (21, Y1 = A) = (a1 (A), pa,4(21, 22))
(21,20, Y1 =B) = (01 ® (1) (21, Y1 = A) = (a1(B), ¢pa,5(21, 22)) -

The new density potentials ¢4 4 and ¢4 p are determined as ¢4 4 = (P14 ® ¢2) and
1.8 = (01,8 @ ¢2).
(5) {Yi> 2y, 2o, Z3} to {Yi> Zy, Zy, Zs, Z4}

The computation of this message is demonstrated in Example 19.
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Figure 8: The binary join tree for the Bayesian network in Figure 3.

(6) {}/1721722723724} to {Zl>Z2>Z3>Z4}

The computation of this message is demonstrated in Example 20 and results in the
mixed potential (g for {71, Za, Z3, Z4}.

(7) {Zl>Z2>Z3>Z4} to {Zl>Z2>Z3}

Computation of this message results in the following mixed potential for {71, Z», Z3}:

Co=(1,(¢p5,4 ® Mg a) + (5,8 @ Mg )) -

Example 15 illustrates the calculation of the density part of this potential.

(9) {Zl>Z2>Z3>Z5} to {ZQ>Z3>Z5}

Removing Z; from the combination of the potentials (5, (9, and 7y by applying Def-
inition 16 results in the mixed potential (190 = (1, (.4 ® Msa) + (P65 @ Ms g)) as
calculated in Example 17.

(10) {ZQ,Z?,,Z5} to {ZQ,Z?,}

This message is also calculated (as shown in Example 16) according to Definition 16
and results in the mixed potential

G =G = (1, (7.4 @ Mag.a) + (978 @ Mios)) -
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Figure 9: The posterior distributions for Z, (left) and Z3 (right) given the evidence for the
Bayesian network in Figure 3.

6.2 Posterior Marginals

Posterior marginal distributions for Z, and Zs are calculated from messages (13) and (14),
respectively. Message (13) removes Z3 from the combination of the potentials (5 and (11
for {Z,Z3}. The result is a density potential for Z3 which has a mean and variance of
4.7353 and 7.5681, respectively. This compares to a mean of 4.7338 and a variance of 7.6715
calculated using Hugin software. Message (14) removes Z, from the combination of the
potentials (3 and (;;. The result is a density potential for Zy which has a mean and variance
of 14.6266 and 9.4264, respectively. This compares to a mean of 14.6291 and a variance of
9.5006 calculated using Hugin software. The posterior distributions for Z, and Z3 given the
evidence are shown graphically in Figure 9.

Completing messages (15) through (24) gives the posterior marginal distributions for
Y; and Z;. The posterior marginal distribution for Z; has a mean and variance of 2.4650
and 0.9315, respectively. This compares to a mean of 2.4645 and a variance of 0.9344
calculated in Hugin. The posterior proabilities for the discrete variable Y; are calculated
as P(Y1 = A) = 0.3727 and P(Y; = B) = 0.6273 using the algorithm in this paper, and
compare to P(Y; = A) = 0.3720 and P(Y; = B) = 0.6280 calculated in Hugin.

The calculations in Examples 22 and 23 are required to calculate marginal distributions
for Y1, Z1, and Z5 when evidence exists that Z3, Z4, and Z5 are limited to values 15.5, 76.5,
and 78, respectively. As we can observe from the examples, the continuous variable Z; is
now limited to the values 2.920 and 0.625. The probabilities of observing these two values
are 0.4184 and 0.5816, respectively, which means the variable Z; has a mean of 1.5854 and
a variance of 1.2822. This compares to a mean of 1.6372 and a variance of 1.2989 calculated
in Hugin.

The examples presented previously have included normal distributions assigned to con-
tinuous random variables. This has been done to compare the results of the propagation
algorithm with those using the method of Lauritzen and Jensen (2001), which is programmed
in Hugin software. The numerical representation of the normal PDF’s is approximate, but
the propagation algorithm is exact. The only errors that occur in the marginal distributions
are due to the approximation of the normal PDF’s with MTE potentials.
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Figure 10: The MTE potential approximations to the beta PDF’s for Z; given Y; in the
revised example, overlayed on the actual Beta(1.3,2.7) and Beta(2.7,1.3) PDF'’s.
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Figure 11: The posterior marginal distributions for Z» (left) and Zs (right) in the non-
Gaussian example.

6.3 Non-Gaussian distributions

MTE potenteials can be used to approximate any PDF. Suppose the PDF’s for Z; given Y;
in the hybrid Bayesian network are beta PDF’s with parameters as follows: Z; | Y]} = A ~
Beta(1.3,2.7) and Z; | Y1 = B ~ Beta(2.7,1.3). These beta PDF’s are approximated by
MTE potentials using the method in (Cobb et al. 2006). These PDF’s are shown graphically
in Figure 10.

Suppose evidence now exists that Z, = 4 and Z; = 3 and we perform the same propa-
gation as in the previous example. The posterior marginal distributions for Z; and Z3 that
result are shown graphically in Figure 11. The posterior marginal distribution for Z; has a
mean and variance of —0.4898 and 6.0547, respectively. The posterior marginal distribution
for Z3 has a mean and variance of 0.0684 and 1.9606, respectively.

7 Conclusion

The main contribution of this paper is to extend exact inference in hybrid Bayesian networks
in which continuous variables may have any conditional density functions (not necessarily
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conditional linear Gaussian distributions), discrete variables may have continuous parents,
and we may have conditionally deterministic continuous variables that are linearly depen-
dent on their continuous parents. The scheme uses a mixed distribution representation of
potentials and derives operations from the method of convolutions in probability theory to
determine distributions for linear functions of random variables. MTE potentials are used
to approximate probability density functions in the representation so that probability den-
sity functions can be easily marginalized (without resorting to computationally expensive
numerical integration). The Shenoy-Shafer architecture is used to calculate marginals. One
advantage of our approach is that we can marginalize variables in any order. This is in
contrast with the Lauritzen and Jensen (2001) algorithm in which continuous variables have
to marginalized before discrete ones. This restriction can lead to very large cliques.

Two practical limitations of our algorithm are as follows. As in Lauritzen and Jensen
(2001), the conditionally deterministic variables must be described by a linear function
of its continuous parents and the conditional probability density functions for continuous
variables must be approximated by MTE potentials. Cobb and Shenoy (2005a) show how
the first limitation can be overcome by approximating nonlinear functions by piecewise linear
functions. Cobb et al. (2006) describes an algorithm for approximating any probability
density function by MTE potentials.

Future research in this area will focus on determining the complexity of operations with
MTE potentials and exploring the advantages and disadvantages of the MTE representation
as compared to other approaches, e.g. mixtures of Gaussians.
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Appendix

Proof of Proposition 1. Follows directly from Definition 8.

Proof of Proposition 2. Follows directly from Definition 9.

Proof of Proposition 3. When creating Mt to marginalize Z;, we place coefficients on Z;

in the first column and coefficients on Z; in the second column, since we are free to
choose any order for the remaining variables. The matrix in the resulting deterministic
potential, w’ - R’, already has coefficients on Z; in the first column so R’ = R'T,
which has RREF(R') = R’ with det (P’) = 1, and (R’)’ has the same coefficients for
Z\{Z;, Z;} as R’, which proves the proposition.

Proof of Proposition 4. Follows directly from Definition 10.

Proof of Proposition 5. We are simply summing the potential fragments over the state

space of the variables being removed, thus

Z ( Z (@y@’My)(z)) = Z Z (py @ My)(z) |

¥ €Qy; \wi€ly; yi€Qy; \y;€Qy;

so the result holds.
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Proof of Proposition 6. We prove the proposition for the case where Qy, = Qy, = {A, B},
Y=Y, Yo=Y, Y ={V1,Y52}, and V; = V7. Extension to a domain with a larger
number of discrete variables is straightforward. Define component potentials as follows:
01,4, P1.By P2.4, 2.8, Mi.a, My g, Ms 4, and My 4. The indices A and B refer to Y3
for 1 and M; and to Y, for o and M.

Consider the expression on the left side of the equality. By Definition 9, this expression
can be rewritten as

(1 ® ©2) @ (M1 @ M) ™ = (@ M)™ |

Where by Definitions 4 and 8, ¢ = (p1 ® ) and M = (M; ® Ms). The fragments
of these potentials are, for instance, pa 4 = 1.4 @ P24 and My = Mj 4 @ Ms 4.
Applying Definition 11 for the case where Yo = A, we calculate

(p® M)_Yl = (paa@Maua)+ (ppa@Mpa).

Now consider the expression on the right side of the equality for the case where Y, = A.
By Definition 11, this expression can be rewritten as:

(91 @ M) ™ @ (02 @ M3)) = (01,4 @ Mia) + (01,8 @ M15)) ® (024 @ Ma a).

Combining this result with (@2 ® M) using Definition 9 for the case where Y, = A
gives

(P @ M) @ (2 ® Ma)) = (01,4 ® M1,a) ® (92,4 @ Mo a) + (91,58 ® My p) @ (p2,4 ® Maa).

By Definition 9, this can be simplified to

(p@M) ™ @ (02 @ My)) = (P44 @ Maa) ® (pp,a @ Mpa) |

which proves the result.

Proof of Proposition 7. Follows directly from the proof of Proposition 6. If we always choose
the coefficients on Z; and Z; as the first two columns of M* when marginalizing Z;,
the matrix in the resulting deterministic potential will be in RREF. Thus, the same
two equations will be substituted into the potential ¢ regardless of the order in which
Z; and Z; are marginalized.

Proof of Proposition 8. According to Definition 9, performing the combination inside the
parentheses on the left side of the equation results in (¢ ® (M; ® My)), where ¢ =
(1 ®¢s2). Applying Definition 12, results in (¢ ® (M;@Ms))™2t = (¢’ @ (M} ® Ms)).

Performing the marginalization on the right-hand side of the equation according to
Definition 12 results in (¢] ® M]) ® (¢ ® M3). Applying Definition 9, gives (@] ®
Y2) ® (M) ® Maj). Since ¢, does not contain Z;, the linear equation from the first row
of R; was not substituted into the terms from ¢, when they were substituted into ¢,
thus ¢’ = ¢] ® 2, 50 (¢] ® Y2) ® (M) ® M3) = (¢’ ® (M) ® M3)), which proves the
proposition.
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Proof of Theoremrefmtetheorem. To calculate ¢', instances of ¢- exp{d-z;} in ¢ are replaced
by

c- exp {d- (—agl)m s d® i, — aEi)lel Wy b(l))} ‘

71—

Since all the exponential terms contain linear functions of the independent variables,
the result is an MTE potential.

Proof of Proposition 9. Follows directly from Definitions 4, 8, and 14.

Proofs of Propositions 10, 11, 12, and 13 follow directly from the proofs of the other propo-
sitions.



