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Table 1. The discrete and density potentials for the variables in the extended crop problem 

Policy  

liberal (l) 0.5 

conservative (c) 0.5 

 

Rain  

drought (d) 0.35 

average (a) 0.60 

flood (f) 0.05 

 

 l c 

Subsidy d a f d a f 

subsidy (s) 0.4 0.95 0.5 0.3 0.95 0.2 

no subsidy (ns) 0.6 0.05 0.5 0.7 0.05 0.8 

 

Crop|Rain  

drought (d) Beta[2, 2] over the range (1.5, 4.5) 

average (a)  Beta[2, 2] over the range (2, 8) 

flooding (f) Beta[2, 2] over the range (0.5, 3.5) 

 

Price|(Subsidy, Crop = c)  

subsidy (s) Beta[2, 2] over the range (8.5  c, 11.5  c) 

no subsidy (ns) Beta[2, 2] over the range (10.5 – c, 13.5  c) 

 

Buy|Price = p  

buy (b) = 1 + 0.001212 p  0.01202 p2  if 0  p  6.5 

=  0.001212 (13  p) + 0.01202 (13  p)2 if 6.5 < p  13 

= 0 if p > 13 

not buy (nb) 1  (b, p) 

 

Let 1, 2, 3 denote the Dirac potentials at Revenue1, Revenue2, and Revenue3, respectively. 

Then,  

 1(b, p, c, r1) = (r1  p c), 1(nb, p, c, r1) = (r1); 

 2(s, r2) = (r2  2), 2(ns, r2) = (r2); 

 3(r1, r2, r3) = (r3  r1  r2). 

 We will describe the computation of the marginal for R3. Suppose we delete R2 first. R2 is in 

the domain of 2 and 3. Let 4 denote the Dirac potential  ( 2 3) R2. Then, 

 4(s, r1, r3) =  (r2  2) (r3  r1  r2) dr2 = (r3  r1  2), 

 4(ns, r1, r3) =  (r2) (r3  r1  r2) dr2 = (r3  r1). 

 Next, suppose we delete R1 next. R1 is in the domain of 1 and 4. Let 5 denote the Dirac 

potential ( 1 4)–R1. Then, 

 5(s, b, p, c, r3) =  (r1  p c) (r3  r1  2) dr1 = (r3  p c  2), 
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 5(s, nb, p, c, r3) =  (r1) (r3  r1  2) dr1 = (r3  2), 

 5(ns, b, p, c, r3) =  (r1  p c) (r3  r1) dr1 = (r3  p c), 

 5(ns, nb, p, c, r3) =  (r1) (r3  r1) dr1 = (r3). 

 Next, suppose we delete Po next. Po is in the domain of  and . Let 2 denote the discrete 

potential ( )–Po. Then, 2 is shown in Table 2. 

Table 2. The details of discrete potential 2 

2 d a f 

s 0.35 0.95 0.35 

ns 0.65 0.05 0.65 

 Next, we delete Rain (R). R is in the domain of , 2, and . Let 2 denote the continuous 

potential ( 2 ) R. Then, 

 2(s, c) = 0.1225 (d, c) + 0.57 (a, c) + 0.0175 (f, c), 

 2(ns, c) = 0.2275 (d, c) + 0.03 (a, c) + 0.0325 (f, c). 

 Next, we delete Price (Pr). Pr is in the domain of , , and 5. Let 6 denote ( 5) Pr. 

Then, 

 6(s, b, c, r3) =  (s, c, p) (b, p) (r3  p c  2) dp, 

 6(s, nb, c, r3) = (r3  2)  (s, c, p) (nb, p) dp, 

 6(ns, b, c, r3) =  (ns, c, p) (b, p) (r3  p c) dp, 

 6(ns, nb, c, r3) = (r3)  (ns, c, p) (nb, p) dp. 

 Next, we delete Crop (C). C is in the domain of 6, and 2. Let 7 denote ( 6 2) C. Then, 

 7(s, b, r3) =  6(s, b, c, r3) 2(s, c) dc, 

 7(s, nb, r3) =  6(s, nb, c, r3) 2(s, c) dc, 

 7(ns, b, r3) =  6(ns, b, c, r3) 2(ns, c) dc, 

 7(ns, nb, r3) =  6(ns, nb, c, r3) 2(ns, c) dc. 

 Next, we delete Buy (B). B is in the domain of 7. Let 8 denote 7
B. Then, 

 8(s, r3) = 7(s, b, r3) + 7(s, nb, r3), 

 8(ns, r3) = 7(ns, b, r3) + 7(ns, nb, r3). 

 Finally, we delete Subsidy (S). S is in the domain of 8. Let 9 denote 8
S. Then, 

 9(r3) = 8(s, r3) + 8(ns, r3). 

9 represents the marginal distribution for R3. An implementation in Mathematica shows that 9 

is as follows: 

 9(r3) = 0.228 (r3) + 0.263 (r3  2) + 0.509 f(r3), where f(r3) is a PDF as shown in 

Figure 9. Thus the marginal distribution of Revenue3 is a mixed distribution with probability 

masses of 0.228 at R3 = 0, 0.263 at R3 = 2, and a weighted density function 0.509 f(r3). 
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Figure 9. The PDF portion of the mixed distribution of marginal for Revenue3. 
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6 Summary and Discussion 

We have described a generalization of the Shenoy-Shafer architecture for discrete BNs so it 

applies to hybrid BNs with deterministic variables. We use Dirac delta functions to represent 

conditional of deterministic variables. We use mixed potentials to keep track of the discrete and 

continuous nature of potentials. Marginalization of discrete variables is using addition and 

marginalization of continuous variables is by integration. We define marginalization of mixed 

potentials that keeps track of the nature of marginalized potentials. We illustrate our architecture 

by solving some small examples of hybrid BNs. We also solve exactly a modified version of the 

extended crop problem that has non-conditional linear Gaussian conditionals, and non-linear 

functions for deterministic variables. 

 We have ignored the computational problem of integrating density potentials. In many cases, 

e.g., Gaussian density functions, there does not exist a closed form solution of the integral of the 

Gaussian density functions. 

 One way around this problem is to use mixtures of truncated exponentials (MTEs) to 

approximate density functions [Moral et al. 2001, Cobb et al. 2006]. MTEs are easy to integrate 

and are closed under combination and marginalization. They are also closed under linear 

functions for deterministic variables [Cobb and Shenoy 2005a], but not non-linear ones. One 

solution for non-linear functions is to approximate them by piecewise linear functions [Cobb and 

Shenoy 2005b]. 

 Another way around the problem of integration of density functions is to approximate them 

using polynomial functions [Shenoy and West 2009]. Polynomial functions are closed under a 

bigger class of functions for deterministic variables than MTE functions. In the extended crop 

problem discussed in the previous section, we have a product function for one of the 

deterministic variables, and we can compute a closed form solution for the marginals. The use of 

polynomial functions to approximate density functions needs further investigation. 

 The use of Dirac delta functions for representing deterministic functions is practical only for 

differentiable functions. If the function is not differentiable, then there doesn’t always exist a 

closed form solution for the integral of such Dirac delta functions. For example, if Z = 

Max{X, Y}, then we are unable to compute the marginal of Z even if the densities of X and Y are 

easily integrable, i.e., there is no closed form solution for the integral: 

fZ(z) =  fX(x) ( fY|x(y) (z  Max{x, y}) dy) dx, 



P. P. Shenoy and J. C. West  22 

where fZ(z) denotes the marginal PDF of Z, fX(x) denotes the PDF of X, and fY|x(y) denotes the 

conditional PDF of Y given x. However, we can convert the deterministic function to a 

differentiable one as follows: Z = X if X  Y, and Z = Y if X < Y. We introduce a discrete variable, 

say A with two states, a and na, with X and Y as parents, where a denotes that X  Y, and make A 

a parent of Z. This hybrid BN can then be solved using the extended Shenoy-Shafer architecture. 

A solution of this problem for the case where X and Y are independent with normal distributions 

is described in Shenoy and West [2009]. 
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